The CENTRE for EDUCATION
in MATHEMATICS and COMPUTING

The Definite Integral

Introduction

It turns out that the Riemann sums of a continuous function f over an interval [a, b] all approach the same value as n

gets large.

In this module, we will define the definite integral of f over [a, b] as the limit of these Riemann sums and introduce the

process of integration.

Integration

Let f(z) be a continuous function defined on an interval
[a,b].

Recall that a Riemann sum of f over [a, b] is a finite sum
of the form

3" fler) A
k=1

for some . and some choice of sample points
Cly---1Cn-

We would like to examine what happens to the Riemann
sums as 1 goes to infinity.

Fix a number n. For the sake of this discussion, let's
choosenn = 4.

Each choice of sample points ¢q, €9, c3, c4 corresponds
to a (possibly) different Riemann sum of f with 4
subintervals.

Likely, we will have an infinite collection of Riemann sums, all correspondington = 4.
Recall that each Riemann sum is a real number, and every Riemann sum with n = 4 is an approximation to the “net
area” between f and the z-axis over [a, b] using 4 (signed) rectangles.
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Integration

The same is true for every nn. We are interested in
what happens to these approximations as n gets
larger.

Here, we see examples of Riemann sums for the
same function, f, forn =4, n = 10, n = 25, and
n = 100.

Once we have reached n. = 100, the rectangles are
s0 thin that they appear to be more like vertical line
segments.

Moreover, since the intervals over which we are
choosing our sample points are so small, the actual
sample points we select seem less important.

Integration

The same is true for every nn. We are interested in
what happens to these approximations as 1 gets
larger.

What do we expect as n gets even larger, say

n = 1000 or n = 10 0007

As n gets very large, we might expect all Riemann
sums of the given function, f, to approach some
commeon value, regardless of the particular sample
points chosen.

This common limit will represent the “net area” of the
region bounded by the curve, f, and the z-axis over
the given interval.

)

y n =100
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Integration

Question: For which functions, f, do the Riemann
sums of f over [a, b] indeed have a common limit,
say L?

The limit of the Riemann sums of f is often denoted by

lim 3 flex) A
k=1

n—+00

L
If lim E flex) Az exists, then we say that f is
=1

integrable over [a, b]. Y

n=4 n=10
L T T
n=25 1= 100
T

Definition and Notation

Recall that a Riemann sum of f over [a.,b] is a sum of the following form:

3 flen)Az
=1

These sums approximate the net area between the curve y = f(z) and the z-axis over the interval from a to b.
If the collection of Riemann sums approaches a common value as . approaches infinity, then is number is the exact

value of the net area.

The definite integral of f over [a, b] is defined to be the limit of the Riemann sums of f over [a, b], provided that

this limit exists. We write

b n
[ @) ds=lim " ) Ae
a =1
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Definition and Notation

The definite integral of f over [a, b] is defined to be the limit of the Riemann sums of f over [a, b], provided that
this limit exists. We write

b n
f f(z) dz = lim > fler) Az
o k=1

. fis called the integral sign.

* ais the lower limit of integration.

o bis the upper limit of integration.

e f(z), the function, is called the integrand.

» dz tells us that we are integrating with respect to z, the variable of integration.

b
* The integral, f f(z) dz, is read ‘the integral of f from a to b".
a

s When you find the value of the integral, you have evaluated the integral.

Integration
If f is continuous on [a, b], then f is integrable on [a, b].

This means that if f is continuous, then the Reimann sums for f all have a common limit.
Take a second to go back to our earlier discussion, and convince yourself that a continous function that has a nice
well-defined area between the function and the z-axis, will be integrable.

Aside

From our discussion, you may be tempted to think that an integrable function must be continuous, but this is not true.
We can define Riemann sums for discontinuous functions and there are simple examples of functions that are not
continuous but are integrable.

An example is the following piecewise function:

0 ifz<0
flz) = :
1 ifz>0
When picturing what an integrable function “looks like” in general, it is best not to picture a continuous function, but a
function that bounds a *well-defined net area”.
These are not exactly the same thing.
Can you see how the piecewise function given is not continuous over [—1, 1] but still defines a precise net area over

the interval?

With this in mind, can you think of a function that is NOT integrable?
This may be tough as most of the functions we are familiar with are, in fact, integrable functions!
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Investigation

Investigate the relationship between Riemann sums and net areas under curves.

Think about what happens to the Riemann sums, graphically and numerically, as n approaches infinity.

How large does n have to be for the Riemann sum to approximate the definite integral to a particular accuracy?
Experiment with sample points being chosen as left endpoints, right endpoints, midpoints, and random sample points.

Examples
Example 1
2
a. Approximate the definite integral f (z— 12] dx by using a Riemann sum with n = 4 and taking the sample
0

values (cg's) to be the midpoints of the subintervals.

Solution

M
G

We have = 4 and so the subinterval length is Az = b _ =

b3

T
) 1] [1 3
The four subintervals are [0, 5] R [5 ) 1] [ ] [5 ) ] he y
four midpoints are ¢; = 3162= 3.C3= i % I x
Theref Ri [ 0 !
erefore, our Riemann sum is 05 1 1l5 2

M4:gf[6k) Az
:f(%)Aerf(g)m*f(g)'ﬁz+f(;)ﬂz 14
:[%+%+(—%)+( 11’;)]/_\..@

_[ 2011 10

2

We concludethat/ (z — z?) dx ~ —0.675.
0
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Examples

Example 1
2
b. Evaluatef (z —2?) de.
0

Solution

Recall that the definition of the integral is the limit of the Reimann sums.

First, notice that this function is continuous on [0, 2] and so it is integrable over [0, 2]_

This means that all of the Riemann sums of the function f(z) = = — =

over [0, 2] have the same limit, 50 we can
choose to work with whichever sample points we would like.
Let's keep things simple and use the right endpoints of the intervals. Let's find a formula for Ry,.

. 2—-0 2
Since Az = = —, we have:
n n

Il
3| e
+
3w
ERETS

2 2 2 2
zg =0, 312330'1‘;:0"';:;1 22221-1-;

2k
Ingeneral, zp = — fork=0,1,...,n
n

We are using the right endpoints as our sample points, so the sample points are ¢; = &1, €2 = T32,...,Cn = In.
In general, we havecp =z fork =1,2,...,n.

Examples

Example 1
2
b. Evaluatef (z— z:?] dzx.
0

Solution

Therefore, our Riemann sum is given by the following equations and their corresponding sigma notations:

Ry, = f(e1) Az + f(ca) Az + -+ + f(en) Az fler) Az

= f(z1) Az(zs) Az + - -- f(z) Az =§;
SEDECENE NG E
PR ) o)
2EE)E @) @) 2EE )
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Examples

Example 1

2
b. Evaluatef (x —2?) d.
0

Solution

2 [(2 (2)2) (4 (4)2) (2n (21;)2)] 2 [" (Qk (2k)2)]
=2 (=== +l=—-(= +o+ | == == =Z_ (£

n n n n mn mn n n =1 mn n
_2[2+4+-42m 2+4+.4+(2n) _2 lizk_izﬂ:[zkf
= oy n2 T n n & "2;,:1
a2 1., , 22 4 3
—E[E(”H"'“L“)_E(l +2 +-'-+")} _E[E;k_ﬁgﬁ
_ 4 8 o .2 2 _4 N 8 S g2
=3 (1+2+...+n) - (1*+2°+...+n? - kz:;k ﬂsgk

4 (n(n+1) 8 [n(n+1)(2n+1)
T 2 @\ 6

_2n+1) 4 ((n+1][2ﬂ+1})
3

n n?
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Examples

Example 1

2
b. Evaluatef (z —2?) da.
0

Solution
2ln+1) 4 [ (n+1)2n+1)
Ry=—— — = —
n 3 n
Therefore,

2
f (z — <) dz = lim R,
u n—o0

i 20nt+1) 4 (2n2+3n+1)]
n—00 n 3 n2
4
=2-3(2)
2
= — — =~ —0.667
3

It turns out that our estimate of —0.675, using only 4 rectangles, wasn't too far off!
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Challenge Example

1/n
Given that lim L
—H00 elf"‘ -1

2
= 1, evaluate the integral f €® dx by finding lim L,
1 n—o0
Solution
Here, we have no choice but to find the limit of the Riemann sums.

As €” is continuous, it is integrable and so we can really choose any sample points we would like.
Here, we are asked to use the Riemann sums of the form Ly, using the left endpoints as the sample points.

b—a 2-1 1

Wehavexg =1, &, = 2,and Az = = —— = —. 530
n n n
1 k-1
ﬂ:u:l, 31:1+_1 32:1_'__) .. zk_]:]."'_, “ea Iﬂ:1+E:2
n n n n
L= flex) Az = f(zx1) Az
k=1 =1
- 1
_ E(El+{k—1}fn) (_)
=1 n
_1 (e1+0fn) n 1 (el+1fn) + 1 (el+2,/n) R 1 (El+(n—1);n)
n n n n
= l [eleaf“ telel/m Lelem . .y ele{“_l)’{"'] since e®t? = g%gb
n
-z [1 +e/m eyt e("'_l]"'"'}
n

You may recognize the sum in the brackets as a geometric sum!
The first term is @ = 1 and the common ratio is 7 = e'/™.

If we plug these values into the formula for a geometric sum

a+ar—|—ar2+...+m"‘_1:a(1_rn)

1—r
we get
1_(81)’11)" 1
1/n 2fn . n—1/m __ _ —¢€
14+e’™+e”" + +e =1 T oin =1 _om

Therefore, we have
e 1—e 1/n 9 1/n
Ln = n (l—elf") n (8_62) 1—el/n (e —e) el/n 1
and
1/n
el/n _1

n
= (¢ ~e) lim 7 =

2
f e® dz = lim L, = lim (e — ¢)
1 M—HO0 n—+o0

Believe it or not, we will soon leamn a way to evaluate this integral in a single line!

(2—e)l)=e*—e
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