The CENTRE for EDUCATION
in MATHEMATICS and COMPUTING

Evaluating Limits Graphically

Criteria for a Limit to Exist

The term limit asks us to find a value that is approached by f(z) as = approaches a, but does not equal a.
This value is written as

lim £(z)

I+

To consider this limit, f must be defined at all points in some interval around = = a, although not necessarily at
T=a.

A limit may not always exist at the point z = a.
For lim f(z) to exist, f(z) must approach the same value as = approaches a from the left, denoted lim f(z), and
I—a I

as ¢ approaches a from the right, denoted lim f(z).
Tt

Criteria for a Limit to Exist

More precisely, for ].me(:r) to exist, the following three conditions must be met:
-
lim f(z) must exist,
I

lim f(z) must exist, and

Tt
lim f(z) = lim f(z)
T T at
To begin, we shall explore this concept graphically by examining the behaviour of the graph of f(z) near ¢ = a for
a variety of functions.
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Examples

Example 1
Left-Hand Limit

The value that f(z) approaches as = moves along the graph from the left side is the left-hand limit.
Consider the graph of f(z) = z%.

=2
Let's begin at z = 1.5.
lim f(z)= 7

T2

.T.
as x appproaches 2 from the left

If we want to find the left-hand limit of f(z) as = approaches 2, we begin at a point on the parabola just left of

Examples

Example 1
Left-Hand Limit

As = moves along the graph from the left side, we see that f(z) approaches the value 4.
lim f(z)=4
T2

.T
as x appproaches 2 from the left

Y

A = (1.66,2.76)

© CEMC and University of Waterloo

Page 2 of 18



Examples

Example 1
Right-Hand Limit

The value that f(z) approaches as = moves along the graph from the right side is the right-hand limit.
To find the right-hand limit of f(z) as = approaches 2, we begin at a point on the parabola just right of z = 2.

Let's begin at z = 2.5.

lim f(z)= 7
z+2*
t

as r appproaches 2 from the right

Examples

Example 1
Right-Hand Limit

As = moves along the graph from the right side, we see that f(z) approaches the value 4.

lim f(z) =4 y

T2t

.T.
as ¢ appproaches 2 from the right

A = (2.18,4.75)
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Examples

Example 1

Evaluating the Limit From Both Sides

We have seen that the limit exists as we approach the value ¢ = 2 for f(z) from the left side and the right side.
Also, as & moves along the graph from the left and right sides of 2, we see that f(z) approaches the value 4 from
both directions.

Therefore, the limit of f(z) from the left side is equal to the limit of f(z) from the right side.

In summary, the following three conditions have been met:

].iI;l f(z) exists and equals 4
¥

lim f(z) exists and equals 4

2%

z]j.gl flz) = z]jg flz) =4

Thus, ].l.[[zl f(z) exists and equals 4.
T

Examples

Example 1

Evaluating the Limit From Both Sides

Since f(z) approaches the value 4 from both directions,
lim f(z) =4 y
.T.

as T appproaches 2

emmmmmeeae @ A (2 4)

P -
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Examples

Example 2: Limits of Functions Having Discontinuities

Let's consider the rational function f(z) =

(1) -4z —5)
2(z — 5) '
Since fis defined for all £ # 5, there is a “hole” in the graph at z = 5.

y
4
3
2
1
.
4-3-2-\123 5 6 7 8 9§ 10
1
_(x+ 1)z —4)(x - 5)
-2 flz) = 2(z — 5)
-3
Examples
Example 2: Limits of Functions Having Discontinuities
As x approaches 5 from the left side, the limit of f(z) is 3.
lim f(z)=3 y
T+5
.T..
as x appproaches 5 from the left.
x
-4-3-2-\123 5 6 7 8 9 10
1
x4+ 1) (r=-4)(x=5
\ Jay = @D =D =3)

2z - 5)
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Examples

Example 2: Limits of Functions Having Discontinuities

The limit of f(z) as = approaches 5 from the right side is also 3.

lim f(z)=3 Y
5% 4
T

as ¢ appproaches 5 from the right 3

-2

-3

4 -3 -2 - 12

flx) =

(x+ 1)(x—4)(x—5)

2z - 5)

Examples

Example 2: Limits of Functions Having Discontinuities
In summary, the following three conditions have been met:

].i]%l f(z) exists and equals 3
I—¥

im f(z) exists and equals 3
5%

oo lim f(z) = lim f(z) =3
z+5 I35
Thus, l.u:gf(z) exists and equals 3.
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Examples

Example 2: Limits of Functions Having Discontinuities

Since f(z) approaches the value 3 from both directions,

lim f(z) =3 Y
5
1 4
as x appproaches 5 a
2
1
x
4 -3 -2 - 12 5 6 7 8 9 10
1
(x4 1)z —4)(x—5)
-’ flz) = 2(z - 5)
-3
Examples
Example 3: Limits of Piecewise Functions
Let's consider the piecewise function
3 forz <1
f(z) = {(3—2)2+1 forz > 1
that has a jump discontinuity at z = 1.
&1y
5
4
flz)
= .
2
1
T
4 3 -2 - 12 3 4 6 7
-1
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Examples

Example 3: Limits of Piecewise Functions

The limit of f(z) as = approaches 1 from the left side is 3.
lim f(z)=3
T+1

Y

Examples

Example 3: Limits of Piecewise Functions

The limit of f(z) as = approaches 1 from the right side is 2.
lim f(z)=2

z+1t

Y

-4 -3 -2

-1
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Examples
Example 3: Limits of Piecewise Functions
In summary,
].i]]ll f(z) exists and equals 3
I—»
lim f(z) exists and equals 2
1t
- lim f(z) # lim f(z)
T—+1 1t
Since f(z) does not approach the same value in both directions as = approaches 1, this limit does not exist.
lim f(z) does not exist ¢
T3 )
5
4
flz)
2
1
@
-4 -3 -2 1 2 3 4 5 6 7
-1
Examples
Example 4: Limits of Rational Functions
1
Let's consider the rational function _f(m] =z_7 which has a vertical asymptote of £ = 3.
i
6
Yy :
1
5 i
1
1
4 1
1
1
3 i
1
1
2 :
fla) = — i
x —
r—3 1 i
:
T - T
T3t 1 2 % 4 5 6 71
1 £
-1 :
1
1
1
L]
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Examples

Example 4: Limits of Rational Functions
Before we investigate this limit, let's consider the behaviour of the following important quotients.

1
Let's think about the value of g(z) = 7 as ¢ — 0, by considering the value of the following quotients:

[

1
—0.01) = —— = —-100
9(-0-01) = —551
1
9(~0.001) = ——=mr = ~1000

1
So,asx — 0 ,g(z):; — —00.

Examples
Example 4: Limits of Rational Functions
1
Similarly, let's think about the value of g(z) =3 as z — 0", by considering the value of the following quotients:

1

1
0.01) = — =100
9(0.01) = 561
1

1
Sn,asz—rﬂ‘,g(z):; — +00.
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Examples
Example 4: Limits of Rational Functions
1
MNow let's apply this knowledge of quotients to the function f(z) =7-3
i 1
As x approaches 3 from the left side, f(z) = - negative mumber
So, f(z) approaches —oo as ¢ approaches 3 from the left side.
Jim f(z) —+ —o0 6 y E
| ]
51 ;
[ ]
L]
4 H
L]
L]
3 i
[ ]
L]
]
2 H
1 '
xr) = []
@ =3=3 :
L]
H
Tt 1 2 3% 4 5 6 7
' i
-1 :
L]
]
!
Examples
Example 4: Limits of Rational Functions
1
Similarly, as & approaches 3 from the right side, f(z) = 2 small positive number
So, f(z) approaches +oo as ¢ approaches 3 from the right side.
lim f(z) — +oo 6T H
z 33t 1 "
Y '
51 :
[ ]
"
44 H
n
.
31 i
[ ]
n
| ]
2 :
1 '
r) = 1
@) =23 :
L]
:
R t 1 2 3 4 5 6 7
' X
-1 :
L]
]
g
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Examples

Example 4: Limits of Rational Functions

In summary,

34

]j.nsl f(z) does not exist
i

Lim f(z) does not exist

o

Since f(z) does not have a left or right side limit, the limit does not exist (DNE).

Yy

lim f(z) DNE 61
5]
n
3
1 2
flz) = — 31
-4 -3 -Z t

-

ey

Examples

Example 5: Limits of Functions Containing Radicals

For the function f(z) = 24/ — 2 + 1, evaluate the limits or show that they do not exist:

a. ]j_n%f(z]
b. lim f(z)
6 y

5

4

3

flz)=2vz -2 +1
2
1
-1 1 2 3 4 5 7 8
-1
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Examples

Example 5: Limits of Functions Containing Radicals
For the function f(z) = 2/ — 2 + 1, evaluate the limits or show that they do not exist:
a. lim f(z)
i)
Asx — 6  thevalueofzr —2 — 4 so Vr—2-2
Therefore, as = approaches 6 from the left side, the limit of f(z) = 2T —2+1is 5.

lim f(z) =5 'y

flz) =2vVax-2+1

Examples

Example 5: Limits of Functions Containing Radicals

For the function f(z) = 24/ — 2 + 1, evaluate the limits or show that they do not exist:

a. lim f(z)
i)
In summary,
].iJ%l f(z) exists and equals 5
I
lim f(z) exists and equals 5
36"
oo lim f(z) = lim f(z) =5
T bt
As x approaches 6 from both directions, f(z) approaches i
the same value. Therefore, ]i.n%f(m] exists and equals 5. &
I
5
lim f(z) = 5 )
3
fle)=2va-2+1
2
1
@
-1 i 2 3 4 5 6 71 B 89
-1
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Examples

Example 5: Limits of Functions Containing Radicals

For the function f(z) = 24/ — 2 + 1, evaluate the limits or show that they do not exist:
b. lim f(z)

T2
As z approaches 2 from the left side, the limit of f(z) = 2+/x — 2 + 1 does not exist.

f(z) is undefined forall z < 2.

The domain of f(z)is z > 2, which means that we cannot approach the value z = 2 from the left side because

lim f(z) DNE o
5
4
3

flz)=2vz—-2+1

2
1

x

-1 1 2 3 4 5 6 7 9

-1

Examples

Example 5: Limits of Functions Containing Radicals
For the function f(z) = 24/ — 2 + 1, evaluate the limits or show that they do not exist:
b. lim £(z)
T2
Asz — 2% thevalueofz —2 — 0,50 v/ — 2 = 0.
Therefore, as = approaches 2 from the right side, the limit of f{z) = 2v/z — 2+ 1is 1.

:lifgf(m}=1 y
6
5
4
3
flz)=2vVx-2+1
2_
11
I
A 1 2 3 4 5 6 7 8 9
_1_
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Examples

Example 5: Limits of Functions Containing Radicals

For the function f(z) = 24/ — 2 + 1, evaluate the limits or show that they do not exist:

b. lim f(z)
T2
In summary,

lim
T2

f(z) does not exist

lim f(z) exists and equals 1
27

Since lim f(z) does not exist, lim f(x) does not
T2 T2 6 v
exist.
lim f(z) DNE s
T2

4
Note
It is common to say that l.ir% 2v/x — 2+ 1doesin 3

¥
) =2vVe-2+1
fact exist. Since the interval £ < 2 is not in the 2 f(.r:) * +
domain of the function, we may ignore the left-sided
limit entirely. (That is, we ignore the direction which is 1
not in the domain). o
-1 1 2 3 4 5 6 7 9

-1
Examples
Challenge Problem
A piecewise defined function is given as

az +b z<0
flz) = 2 +3 0<z<3

—a(z—5)? z>3

If the limit exists at both £ = 0 and = = 3, find the values of a and b.
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Examples

Challenge Problem

ar +b <0
flz) 22 +3 0<zr<3
a(z 5}2 T >3

Solution

For 0 < = < 3, we know the shape of the curve of f(z).
Let's examine the graph of this section of f(z).

Y
12
10
8
glz) =2"+3
6
4
2
T
5 -4 -3 -2 -1 1 2 3 4 5
Examples
Challenge Problem
at +b <0
flz) 2+ 3 0<z<3

a(z 52 z>3
Solution
Now f(z) = —a(z — 5)* for z > 3.
Suppose @ = 1. We have f(z) = —(z — 5}2. This quadratic is negative so it's a downward facing parabola with

vertex (5, 0).

4

glz) =2 +3

-3 -2 - 1 2 3 5 7
-2
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Examples
Challenge Problem

ar +b <0
flz) 2 +3 0<zx<3
a(z —5 :]Q >3

Solution

When ¢ = 3, the value of y = —1(z — 5)% = —4.
For the limit to exist at £ = 3, we need an a-value that will map the point (3, —4) to the point (3,12).

This can be achieved by makinga = —3.

Examples
Challenge Problem

flz) 2 +3 0<zx<3

Solution

Since @ = —3, we know that forz < 0, f(z) = —3z +b.
For the limit to exist at z = 0, we need a value of b that will cause this line to have a y-intercept of 3.

Thus, b= 3.
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Examples

Challenge Problem
Solution
Therefore, the limit of the piecewise defined function
ar+b <0
flz) = z2+3 0<z<3
—a(z—5)?° z>3

exists atbothz =0andz =3, whena = —3and b= 3.
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