The CENTRE for EDUCATION
in MATHEMATICS and COMPUTING

Graphing Five Base Functions

Introduction
It is important to find ways to examin general properties of functions efficiently.

In This Module

We will look at five base graphs.

Quadratic function f(z) =22
Square root function flz) =z, >0
1
Reciprocal function fle)=—, z#0
z
Exponential function flz)=a% a>0, a#1
Absolute value function f(z) = |=|

For each of these functions, we will look at efficient ways to sketch their graph, discuss domain and range, and make
observations about some characteristics or features of each graph.

For the exponential function, we will look at a specific case: f(z) = 2%.

The Quadratic Function

Goal: Sketch the graph of f(z) = x?. State the domain and range. List any other features of the graph.
A common method for sketching any function is to use a table of values.

z | f(z) ol ¥
-3| 9 8
_9 4 , flx) =a*
-1 1 o
0 0 s
1 1
4
2 4
3
3 9
2
We could use any values for &, but choosing convenient
values is a good idea. 1 »
Plot the points and then join them with a smooth curve. R — T 3 3 a4 &

Since it is possible to square any real number, the domain is

{z|zeR}

When any real number is squared, the result will be greater than or equal to 0.
Therefore, the range is {y | y > 0,y € R}.

The graph is symmetric about the y-axis.

It has a minimum point which occurs at the vertex (0, 0).
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The Square Root Function
Goal: Sketch the graph of f(z) = /T. State the domain and range. List any other features of the graph.
Here is a table of values.
z | f(x) al¥
0 0
6
1)1 flz)= vz
2 (141 4
3173
2
4 2
T
91 3 2 & & & 10 1z 1 1
16| 4
The square root of a negative number does not give a real number.
Thus, we use values for x > 0, but choosing convenient values is a good idea.
Plot the points and then join them with a smooth curve.
Since the square root of a negative number does not give a real number, the domainis {z | z > 0,z € R}.
The range iz {y | y > 0,y € R}.
The graph has a definite starting point at (0, 0).
The graph also appears to be related to the function y = z2.
This idea will be pursued in another module.
The Reciprocal Function
1
Goal: Sketch the graph of f(z) = . State the domain and range.
The function takes a value of ¢ and determines its reciprocal.
Only one value of x, that is z = 0, would not be allowed since division by 0 is undefined.
We make a table of values as before.
T f(=z) v
3
-3 - % =—03
2
-2| —1=-05
1
A —i-a S~—
0 |1 isundefined -4 2 A I T S R
0
-1
1
1 1=1
2 1-=05 2
3 ?1‘ =~ 0.3 3
Plot the points and then join them with a smooth curve.
The final appearance of the graph is not entirely obvious.
It is not obvious what happens for values of z, other than 0, between —1 and 1.
Similarly, it is not obvious what happens to the function when & approaches positive or negative infinity.
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The Reciprocal Function for -1 <z <1,z #0

1
We write this using the notation, “Asz — 0, p — —00."

As x gets closer and closer to 0 from the left side, the reciprocal approaches negative infinity.

Similarly, as & gets closer and closer to 0 from the right side, the reciprocal approaches positive infinity.

The curve gets closer and closer to the y-axis but never crosses it.

1
We write this using the notation, “Asz — 0%, = — 4007 Y10
T
9
Some values are shown in the following tables of values. 8
z | f(@) @ |f@) !
-1 -1 1 1 5
1 9 1 9 4
2 - 2 3
1 1
—3 | -3 3|3 !
. . 0.8-06-0.4-02
: : : : -2
1 1
—3 -9 3|9 ":
1 1 -
—15 | —10 16 | 10 -5
6
— Jo05 | —1000 55 [1000
1000 1000

02 04 06 08 1
a

The Reciprocal Functionforz < —lorz > 1
As x approaches negative infinity, the reciprocal gets closer to 0 and is negative.

1
We write this using the notation, “As &z — —oo0, — — 0from below.”
T

1
We write this using the notation, "As £ — 400, Z — 0 from above”

Some values are shown in the following tables of values.

Similarly, as x approaches positive infinity, the reciprocal gets closer and closer to 0 but stays positive.

T Flz) z |f(z)
-1 -1 1 1
M
5| 3|
1 1

9| =9 91 %
~10 | — 4 10 |
: 3 : 1
—1000|— 1555 1000 w555

The curve gets closer and closer to the z-axis but never crosses it.
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The Reciprocal Function Summary

An asymptote is a line that the graph of a function
approaches but does not touch for some values of  in the
domain.

1
For the function f(z) = —, there are two asymptotes.
T

Since the graph approaches @ = 0, the y-axis, but never
touches it, ¢ = 0 is a vertical asymptote.

Since the graph approaches y = 0, the z-axis, but never
touches it, y = 0 is a horizontal asymptote.

1
Since f(z) = 2 never crosses the y-axis, the domain is
{z |z #0,z € R}
We could also argue this by remembering that division by 0 is
undefined.

The Reciprocal Function Summary

1
Since f(z) = = never crosses the z-axis, the range is
{yly#0,yeR}.

We could argue this as follows.

Move to any point on the y-axis other than the origin.

Then by moving horizontally either to the left or to the right,
we will intersect the graph at one point.

That is, for every y-value, other than y = 0, there exists a

1
point (z, y) such thaty = —.
T

However, there is no value of z in the domain such that

1

— =0

T

Asymptotes are generally shown using dashed lines.

The asymptotes, x = 0 and y = 0, are perpendicular to each

other and intersect at the origin.
Two lines, y = ¢ and y = —x, are also shown on the graph.

1
The function f(z) = = is symmetric about each of these lines.
T
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Another Way to Sketch the Reciprocal Function

1
Goal: Sketch the graph of f(z) = =

1
1. Sketch the line y = . (In general, given f(z) = —,
g(z)
we graph the denominator function y = g(z).)
1 1
2 Whenz=1 — =1 Whenz =—-1, — = —1 The
T T
points (1,1) and (—1, —1) are on both y = = and
y = —_ Plot these two points.
T

3. Since  # 0, draw a vertical asymptote along the

y-axis.

4. As values of © go from 1 o +o0, é gets closer and
closer to the positive z-axis from above.

5. As values of £ go from —1 to —oo, % gets closer and

closer to the negative z-axis from below.
6. Draw in the horizontal asymptote along the z-axis.

1
7. As values of  go from —1 to 0 from the left, — gets
T
larger in a negative sense.

1
8. As values of & go from 1 to 0 from the right, — gets larger in a positive sense.
T

The Exponential Function

The exponential function, in general, is written f(z) =a®, a >0, a # 1.
We will graph a specific example: f(z) = 27.

As before, we will use a table of values.

T flz)=2°%

Goal: Sketch the graph of f(z) = 2. State the domain and range. List any other features of the graph.

y

fl) = 2°

0 2°=1
1 2t —
2 22 —4
3 93

Plot the points and then join them with a smooth curve.
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The Exponential Function

The exponential function, in general, is written f(z) =a%, a >0, a # 1.
We will graph a specific example: f(z) = 2%

Goal: Sketch the graph of f(z) = 2. State the domain and range. List any other features of the graph.

As x gets very large in a positive sense, 2T — +4oo. ¥

We write this using the notation, “As & —+ +00,2% —+ 4-00." fz)=2"

As z gets very large in a negative sense, 2° — 0 from
above.

That is, the z-axis is a horizantal asymptote.

We write this using the notation, “As = — —o0,2% — 0 from
above.”

Since there is no value of x that cannot be used as the
exponent, the domain is {z | ¢ € R}

The graph is completely above the z-axis, so the range is

{y| vy = 0,y € R} and the horizontal asymptote is y = 0,

the z-axis.

The Absolute Value Function

The absolute value of any real number z, written |m , Is the numeric value of & without regard to its sign.
Geometrically, |z| can be thought of as the distance from z to 0 on the real number line, without regard to direction.
Using function notation, we write
T ifx >0
Ty = ? =

flz) { —z, ifz<0
When z =5, f(5) =5.
Whenz = -3, f(—3)=—(-3)=3.
And when z =0, f(0) =0.
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The Absolute Value Function
Goal: Sketch the graph of f(z) = |z|. State the domain and range. List any other features of the graph.

To graph f(z) = |z|, we will construct a table of values.
z | f(z) = 2| Ay
-3

=
W = O = R W

3

Plot the points and then join them.

The graph of f(z) = || looks like the letter *V."

The domain is {z | z € R}.

The minimum point on the graph is the origin so the range
is{y|y=>0,yeR}.

The graph is symmetric about the y-axis.

Summary
We have looked at five base graphs.
Quadratic function Square root function Reciprocal function
al¥
L]
flx)
7
L]
5
4
3
2
1
&
& -4 A -2 1 1 2 3 4 &
Expouential function Absolute value function Each g[aph has a distinctive Shape and
o ¥ " key features.
fia) .
7 . s} = I You should familiarize yourself with
6
. 4 efficient ways to sketch each base
s : graph.
F
: i You should familiarize yourself with the
T
__/ % a4 3 2 4 T3 3 s & domain, range, and key features of each
x — .
-5 4 -3 2 -1 1 2 3 4 8 ' funCtlon'
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