The CENTRE for EDUCATION
in MATHEMATICS and COMPUTING

Graphs of Primary Trigonometric Functions

Introduction

In other modules, the unit circle was introduced and used to determine the exact trigonometric ratios for multiples of

g , g s g, and ; radians and multiples of 307, 45°,60°, and 90°.

We discovered that any point, P, on the unit circle and also on the terminal arm of a standard position angle, 8, can be
written P (cos(#), sin(8)).

We will use this background to help us draw the graphs for the v P (cos(8), sin(8))

three primary trigonometric functions.
New terminology will be introduced as we examine properties

associated with these graphs. 1
Primary Trigonometric Functions: P
y = sin(0), y = cos(f), y = tan(f) T
Throughout this module, and in fact for the rest of the unit, you will
also see y = sin(#), y = cos(#), and y = tan(f) where z is
used instead of 8.
T+y=1

Graphing the Sine Function y = sin(z)

E ($3) )
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We know the coordinates of points on the unit circle corresponding to standard position angles whose reference angles
T e

are 5'3°'2 and 2 radians. We also know that the y-coordinate of any point on the terminal arm of a standard

position angle = and the unit circle is sin(z).
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Graphing the Sine Function y = sin(z)
T
Construct a table of values relating « and sin(z) for 0 < z < 2w Use increments of 1z radians (this corresponds to
15 intervals). Fill in the exact values for sin(x) by referring to the appropriate unit circle diagram. We have not
T 5w
determined the exact values for sin(z) for which the reference angle is either D) or - so we will calculate

approximate values later. In the table, these values are shown as “?". Some have been filled in for you.

5 ‘ - ay ; P
P(_»_;% Uy \T; 5) PK( %—f 1 r‘,(;%‘) 1) Fyi0,1)
f & i\l of 3 AT -1 yaRY 1z
H ;_’ ; ; HIH.U]Q&% PL0)
2 2
}..( ”: NS F!.('TT'E —%) P,‘( ; VEY I P(é—%) NETREY
z 0 T ™ T T 5 iy T 2 3m 5 11x .
12 6 4 5 12 2 12 5 4 6 12
3
sin(z) ? 7 ? % ?
. a Br T s U 3 1 St In Un Ba
12 6 4 3 12 2 12 3 4 6 12
sin(z) ? —% ? 1 7 ?

Graphing the Sine Function y = sin(z)
™
Construct a table of values relating = and sin(z) for 0 < z < 2w Use increments of D) radians (this corresponds to
15° intervals). Fill in the exact values for sin(x) by referring to the appropriate unit circle diagram. We have not
T 5w
determined the exact values for sin(z) for which the reference angle is either o or - so we will calculate

approximate values later. In the table, these values are shown as “?". Some have been filled in for you.
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z 0 T T m m 5 m T 2 3 5w 11w .
12 6 4 3 12 2 12 3 -+ 6 12
1 1 3 3 1 1
sin(z) 0 7 = - V3 ? 1 ? V3 = - ?2 0
2 VZ 2 2 vz 2
13w T 5 4 17w 3 197 Sar T 11w 23w
z T —_— —_ — — _ = = —_ —_ —_ —_— I
12 6 4 53 12 2 12 3 4 6 12
1 1 3 3 1 1
sin(z) 0 ? - = -— —£ ? -1 ? —i - — —= ? 0
2 VZ 2 2 V2 2
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Graphing the Sine Function y = sin(z)

From the table of values, we can plot points to determine the shape of the function y = sin(z).
The exact values of sin(z) have been converted to approximate values in the following table, correct to two decimals,

where necessary.

™
A calculator was used to determine the approximate values for multiples of TR

These were marked with a “?" mark in the previous chart.

z ol = || ® | |5 x| /& | 2| 3w b lUxr
12 6 4 3 12 2 12 3 4 6§ 12
sin(z) 0 026 05 071 087 097 1 097 08 071 05 026 0
- Br | 7w | 5x | x| 17w (3x) 10x | x| Tx | Ux | 8¢ |,
2 6 4 3 12 2 12 3 4 6 12
sin(z) 0 —0.26 —05 —0.71 —0.87 —0.97 —1 —0.97 —0.87 —0.71 —0.5 —0.26 0
Graphing the Sine Function y = sin(z)
s 0| = | X | = x | 5|z & | x| 3 | 5| Ux |
12 6 4 3 12 2 12 3 4 6 12
sin(z) 0 0.26 0.5 0.71 0.87 0.97 1 0.97 0.87 0.71 0.5 0.26 0
, o B Tn 50 4r U 3 1x b Tx Ux B/
12 6 4 3 12 2 12 3 4 6 12
sin(z) 0 -0.26 -05 -071 -0.87 097 -1 -097 —0.87 071 -05 -026 0O

e
Plot the points on a graph. The z-axis uses intervals of ET) and the

y-axis uses intervals of 0.2.

Connect the points on the graph with a smooth curve.

What happens if we continue our table from 2 to 4772

It is relatively easy to see that the values in the table will repeat since we
are passing through the same points on the unit circle each time we

complete a full rotation.
Another way to discuss this is through the use of caterminal angles.

5w . o
For example, —— is coterminal with —.
12 12
On the unit circle, the terminal arm will intersect the unit circle at the

. 257 ™
same point for both =—— and —.

It follows that si AL u
ollows that sin| —- ) =sin| -5 |-
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Properties of the Sine Function y = sin(z)

At this point, we will make some observations about the
function 4y = sin(z) and introduce some new
terminology.

The domain of the functiony = sin(z) is {z | z € R}.

The maximum value of the sine function is 1 and the

| Period —

Y|— Period —

minimum value is —1.

Therefore, the range of y = sin(z) is
{y|-1<y<lyeR}

The sine function cycles, that is it repeats over regular
intervals of its domain.

We say that sine function is periodic.
The horizontal length of one cycle is called the period.
The period of y = sin(z) is 27 or 360°.

y = sin(z)

Properties of the Sine Function y = sin(z)

The y-intercept of the sine function is y = 0.
There are many z-intercepts. On the graph, the
Z-intercepts are

{—4m, —3m, —2m, —m, 0,7, 2m, 3m, 4}

In general, the z-intercepts are z = nr, n € Z forz in

| Period —

Y|— Period —

radians and ¢ = 1n(180°), n € Z for & measured in
degrees.

A horizontal central line can be drawn through the sine
curve so that the perpendicular distance from this line to
a maximum point is the same as the perpendicular
distance to a minimum point.

This distance is called the amplitude.

in degrees.

[+ Period —

y = sin(z)

In this case, the horizontal central line is y = 0, the z-axis, and the amplitude of the sine function is 1.

We used radian measure for the angles. The process of graphing y = sin(z) does not change if the angle measure is
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Examples
Example 1
Construct a table of values relating = and cos(z) for 0 < z < 2w Use increments of 11 radians (this corresponds to
157 intervals). State exact values for cos(z) where possible.
Solution
s o X T m m 5w Tr 2 3  5r =
12 6 4 3 12 |2 | 12 3 4 6 12
3 1 1 1 1 3
cos(z) 1 7 £ — - 7 0 ? —= - — — £ ? -1
2 V2 2 2 2 2
. . 13w T vy 4w 17w 37 197 odm 7w 11w 237w o
12 6 4 3 12 2 12 3 4 6 12
3 1 1 1 1 3
cos(z) -1 7 B L O T T N S S B S
2 V2 2 2 V2 2
Examples
Example 2
Express the exact values from the previous table as decimals, rounded to two decimals where necessary.
. 0 ™ ™ T w  dw | wm | Tw 2w 3w o 11w .
12 6 4 3 |12 | 2 12 3 4 6 12
3 1 1 1 1 3
sy 1 7 Y3 L L, gy o, 1 1 V3,
2 V2 2 2 V2 2
. . 13w T 5 A 17w 37 19w bS5x Tm  1llm 23w o
12 6 4 3 12 2 12 3 4 6 12
3 1 1 1 1 /3
cos(z) —1 ? — £ - == ? 0 ? | = | X ? 1
2 V2 2 2 2 2
Solution
. || ® |7 | b m) T ) 2w Ew | Bw | L
12 6 4 3 12 | 2 12 3 4 6 12
cos(z) 1 097 087 071 05 026 0 -026 -05 —-0.f1 —0.87 —-097 -1
. BBr 7w Sr 4r I7n 3w 10n S5r 7n lr 2r
12 6 4 3 12 2 12 3 4 6 12
cos(z) -1 -097 -087 -0.71 -05 -026 0 0.26 05 071 087 097 1
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Examples
Example 3

™
Sketch y = cos(z) for 0 < = < 27 Use increments of - radians (this

corresponds to 15° intervals). State the = and y-intercepts, the domain and
range, the period, and the amplitude.

Solution

From the table of values, we obtain the sketch.
A sketch showing more cycles is also shown.

The domain of the function y = cos(z) is {z | ¢ € R}.

The maximum value of the cosine function is 1 and the minimum value is —1.
Therefore, the range of y = cos(z)is {y | -1 <y <1,y € R}

L]

05

Examples
Example 3

e
Sketch y = cos(z) for 0 < = < 27 Use increments of - radians (this
corresponds to 15 intervals). State the z and y-intercepts, the domain and
range, the period, and the amplitude.

Solution

The cosine function has a period of 27 or 360°.
The y-intercept of the cosine functionis y = 1.

There are many z-intercepts. On the graph, the z-intercepts are

7w 5w 3w m w 3w bw Tmw
2’ 2’ 2°' 27272722

T
az| 6 ¢
a4
08

-a8

In general, the z-intercepts are & = l; + nm,n € Zfor x measured in , ¥
radians and z = 90° + n(180%),n € Z for = measured in degrees.
A horizontal central line is y = 0, the z-axis, and the amplitude of the cosine
function is 1. g [ m v He o e x
The sine function and the cosine function are referred to as sinuseidal
curves. Sinusoidal curves have the property that they oscillate above and N
below a central horizontal line. B
y = cos(z)
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Examples
Example 4

Construct a table of values relating = and tan(z) for 0 < = < 2. Use increments of 1—’; radians (this corresponds to 157 intervals).
sin(z)

cos(x)

State the exact values for tan(z) where possible. Recall that tan(z) =

Solution

.
H
H
.
l
l

[I5]

E]
H
I

T
1 L 1 l
2 /2 2 2 ) 2
cos(z) 1 ? ﬁ = 1 7 0 ? B S £ 7 1
2 V2 2 2 7 5
1 V3 373 undef. -373 — 1 - L _0.27

E
6
1 1
2 ﬁ T T ﬁ T2
V3 1 1 1 1 V3
_ 7 S N —— 7 ? — i i T
cos(z) 1 2 7 3 0 2 7 2 1
tan(z) 0 027 % 1 V3 373 undef. 373 /3 -1 - % 027 0
Examples
Example 5

Plot the points from the previous table and join them with a smooth curve.

5 T 2 3 11w
1 2 4 12 2 12 4 ﬁ 12
1 1 V3 , 1 1
sin(z) | 0 7 5 7 5 ? ? 2 ;i 3 ?
cos(z) 1 ? \/—3 i,_ ! ? 0 ? ! _1— \/_E E 1
2 V2 2 V32 2
tan(z) 0.27 i undef. 3.73 %
V3
13w T 47 17w 1‘J T b
T3 5 |1 3 573
o) ruE— IR
: p) /2 2 : : 2 N 2 :
/3 1 1 1 1 /3
[ 2 ye — - 2 2 - i i 3
cos(z) 1| 17 - % B 7 0 ? - 7 - 1
. 1 1
tan(r 0 02T — 1 3 3.73  undef. 3.73 /3 1 — 027 0

© CEMC and University of Waterloo Page 7 of 11



Examples

Example 5

Plot the points from the previous table and join them with a smooth curve.

Solution
Connecting the points with a smooth curve, we obtain the sketch shown.
A ¥ i i 5T
i ' 2
I '
] '
21 ] ]
i ]
i i z
: : o
™ ' ' Tm 2
4 ' \
] L)
-2 1 1
] L)
i i
I I
-4 ' '
T 3T sin(z) ]
Whenz = — andz = —, cos(z) = 0 and tan(z) = are undefined.
2 cos(x)
] ™ 3r )
Therefore, there are vertical asymptotes at z = E andz = ? But what happens near the asymptotes? We will
check values close to g
Examples
Example 5
Plot the points from the previous table and join them with a smooth curve.
Solution
T Approx. Value of tan(z) T Approx. Value of tan(z)
’—; —0.1 10.0 ’—2‘ +0.1 —10.0
12' —0.01 100.0 % + 0.01 —100.0
% — 0.001 1000.0 ’—2‘ + 0.001 —1000.0
™
As x gets closer to 3 from the left, tan(z) — co. . ";T

T
As x gets closer to 5 from the right, tan(z) — —oo.

We would obtain the same result if we were to check

values of & near any of the vertical asymptotes.
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Examples | g OT e=-" Ty | g
l 2 : 2 P ET
Example 6 i : , |
1 1 1
A sketch showing several cycles of the i i 2 i
tangent function is shown. i i ! i T
For the function y = tan(z), state: Yo Tn ey wm | x - — 2:
R Y0 A1 i
» the period and amplitude, i E 2 i
« the equations of any asymptotes, ! a !
 the domain and range, and ! - |
« the x and y-intercepts E E 5 i
Solution
The function cycles every  radians or every 180°, so the period of the tangent function is 7r radians or 180°.
Since the function has no minimum or maximum value, the amplitude of the tangent function is not defined.
Examples . U P Lot
! 2 ! 2 ! 2 ! 2
Example 6 | ; s i i
A sketch showing several cycles of the i i 2 i i
tangent function is shown. i i ! i i T
For the function y = tan(z), state: Yo Tn : 5179  3m : = - : : T 2:
T 1 A T i
» the period and amplitude, i E 2 i i
« the equations of any asymptotes, ! a i !
« the domain and range, and ! “ i |
. 1 ] 1 ]
« the x and y-intercepts ! | -5 | i
Solution
The graph crosses the x-axis at the origin. The z-intercepts occur every m radians or 180°.
In general, the z-intercepts occur for £ = nar, n € Z for & measured in radians and ¢ = n(180%),n € Zforz
measured in degrees. The y-intercept is 0. The vertical asymptotes occur whenever cos(z) = 0.
T
That is, the vertical asymptotes are z = 3 + nar,n € Z for £ measured in radians and z = 90° +n(180°),n € Z
for & measured in degrees. There are no horizontal asymptotes.
w
Since there are vertical asymptotes, it follows that the domain is {:v |z # 3 +nmne i,z e R} for & measured
in radians and {z | = # 90° + n(180°),n € Z,z € R} for £ measured in degrees.
Therangeis {y | y € R}.
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Examples

Example 7

for =27 < = < 2 and for —360° < = < 360°.

Solution

For y = sin(z), you can identify five key points to sketch one period.

In radian measure, these points are (0, 0), (g s 1), (m,0), (% s —1) ,and (2, 0).
From there, you can sketch as many periods as you require.

y = sin(z)
—2r<z<2m

0.5

Using the y-intercept, the z-intercepts, and the maximum and minimum values, sketch y = sin(z) and y = cos(z)

y = sin(z)
360° < z < 360°

—270° —\80°

-1

Examples

Example 8

Using three key paints and the vertical asymptotes, sketch y = tan(x) for —27 < = < 2 and for
—360° < z < 360°.

Solution

Fory = tan(z), we know that there are vertical asymptotes located at z = + g

We know the coordinates of points between the asymptotes whose y-coordinates are —1, 0, and 1.
In radian measure, these points are (— E , —1), (0,0), and (% s 1)_

In degree measure, these points are (—45°, —1), (0°, 0), and (45°,1).
We can efficiently sketch one period. From there, we can sketch as many periods as we like.

! ! | | ,— 360° < x < 360°
| | 1 1
: : | | 3 y 1 ]
! ! | | | I
: : | | 2 1 I
! ! | Lo l |
I I
| | T | | ] I T
. - N X X . :
-2 ﬁ r _F —360° Frn’ 180° —90° 807 /180° 9'7{1‘ B60°
' ' | N !
I
| | ! [ ' :
| 1
: : | | -3 1 ]
I | I I 1 1
[ 1 ! | Iy = tm(gg)l
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The results are summarized for radian measure in the following table.
y = sin(z) y = cos(z) y = tan(z)
Domain {z|zecR} {z|z e R} {z|z#§+nﬂ,nEZ,IER}
Range {y|-1<y=lycR} {y|-l<y<LycR} {wlyeR}
Maximum y=1 y=1 none
Minimum y=-—1 y=—1 none
Period 2 2T s
Amplitude 1 1 not defined
Vertical Asymptotes none none T = % +nmne i
y-intercept 0 1 0
z-intercepts z=nmeL T = % +nmnel z=nmnecL

In a future module, we will sketch 3 reciprocal trigonometric functions: y = csc(z), y = sec(z), and y = cot(z).
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