The CENTRE for EDUCATION
in MATHEMATICS and COMPUTING

Working with Sinusoidal Functions

Recall

In an earlier module, we looked at the transformational form of two parent sinusoidal functions

y = sin(z) and y = cos(z).

The Sine Function The Cosine Function

y=asin[b(z — )]+ k y=acos[b(z —h)] +k

We graphed sinusoidal functions using a variety of techniques.

We discussed the features of the functions and how to determine them from the equation.
maximum — minimum

2

» The amplitude is |a| and can be determined by the formula

If @ < 0, the parent function is reflected about the z-axis.
o

L
If b < 0, the parent function is reflected about the y-axis.
« The phase shift is k.

2w
* The period is ?' radians or

maximum ~+ minimum
2

« The vertical displacement is k and can be calculated using

kis the average of the maximum and minimum values of the function.
The equation of the central horizontal axis is y = k.
* The maximum value is k + |a| and the minimum value is k — |a/.

Examples

Example 1

Determine an equation for a sine function that has been reflected about the z-axis, has a maximum value 12, a

™
minimum value 2, a period 41, and a phase shift — 3

Solution

A quick sketch of one period is shown.

The equation is of the form

y = asin[b(z — h)] + k

Since there is a reflection about the z-axis, a < 0. sy=Fk

To determine the amplitude, we subtract the minimum

1
1
I
I
]
I
°
I
I
I
I
]
value from the maximum value and divide the i
I
~

L Le——_

result by 2. period - 4

12 -2 10
= ? = 5 and it follows that a = —5.

The amplitude is

maximum = 12

horizontal axis

minimum = 2
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Examples

Example 1

Determine an equation for a sine function that has been reflected about the z-axis, has a maximum value 12, a

T
minimum value 2, a period 41, and a phase shift — 3

maximum = 12

Solution

We know that k is the average of the maximum and
- 12 -2 14

minimum values so k = 2 = ? =T (1

follows that the equation of the central horizontal axis is

horizontal axis

y="7)

sy==k%

minimum = 2

£ S P Le—

™
Since the phase shift is given, we know that h = — E
_ 2
We know that the period = W
2r 2w 1

R ing, |b] = =—=_
earranging, |b| period ~ 4r 2

1
Since there is no reflection about the y-axis, b > 0 and it follows that b = 2 Combining the information, we have

1

&:—5,b:§,

1
h=-— % and k = 7. A possible equation is y = —5 sin [E (

™
+- )| +7
‘ 3)]

Examples

Example 2

™
A sinusoidal function is defined for & > 0. The first minimum occurs as (E ,—3) and the first maximum occurs at

T
(— ,5) . Determine a possible equation for this function.
2

Solution

A sketch showing the given information is not very helpful it
would seem.

However, if we draw a sinusoidal curve through the

adjacent minimum and maximum points, we may be able

to acquire more information. a
The maximum value is 5 and the minimum value is —3.

k is the average of these two values so k = 1 and the

vertical displacement is 1.

5—(=3)

The amplitude is — = 4s0|al =4

The period can be found by determining the horizontal
distance from one minimum point to the next minimum point.

The horizontal distance from one minimum point to the next maximum point is half of a period.

.. mw T
Sohalfofaperiodis — — — = —.
2 6 3
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Examples

Example 2

Solution

s
It follows that the full period length is 2 x E

radians.
At this paint we can calculate |b|.

_ 2T
Recall that period = —.

Aft ing, [bl 2T 2
er rearrangin =— =
oine: period 2_;'

with.

=3

™
A sinusoidal function is defined for z > 0. The first minimum occurs as (E ,—3) and the first maximum occurs at

T
(— ,5) . Determine a possible equation for this function.
2

We still must decide which sinusoidal function to model

Examples

Example 2

Solution

2
is?ﬂ,andkzl_

points on the graph.

- tefoe-7)| 1

T
(5 y 5) as the first point in a five-point sketch.

™
A sinusoidal function is defined for & > 0. The first minimum occurs as (E ,—3) and the first maximum occurs at

T
(— ,5) . Determine a possible equation for this function.
2

From our work, we know that |a| = 4, |b| = 3, the period

Using our knowledge of the behaviour of a sinusoidal
function and the fact that one-quarter of a period is
23—” +4= ’—g,we can determine the coordinates of more @

Several more points have been added to the graph.
If we model with a cosine function, we could use the point

T
We would use a phase shift of h = 210= 4,b = 3, and k = 1 resulting in the equation
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Examples

Example 2

™
A sinusoidal function is defined for z > 0. The first minimum occurs as (E ,—3) and the first maximum occurs at

T
(— ,5) . Determine a possible equation for this function.
2

Solution

If we model with a cosine function which has been
reflected in the x-axis, we could use the point (% y —3)
as the first point in a five-point sketch.

We would use a phase shitof h = — ,a = —4,b=3,

ol

and k = 1, resulting in the equation

y:_ms[g(m_g)} i1

If we model with the sine function, we could use the point

o
(E s 1) as the first point in a five-point sketch.

a 1g

Examples

Example 2

™
A sinusoidal function is defined for & > 0. The first minimum occurs as (E ,—3) and the first maximum occurs at

™
— ,5 ). Determine a possible equation for this function.
2

Solution

T
We would use a phase shift of h = 3 ,a=4,b=3

and k = 1, resulting in the equation

-—

If we model with the sine function which has been
reflected in the z-axis, we could also use the point (0, 1)
as the first point in a five-point sketch.

We would use a phase shit of h = 0,a = —4,b =3,
and k = 1, resulting in the equation

y = —4sin(3z) + 1.
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Examples

Example 3

Solution

First, we will determine the maximum and minimum values.

One way to do this is to draw horizontal lines tangent to the curve
through maximum and minimum points.

As a result of this, we get several pieces of information.

The maximum is —1, the minimum is —9, and the amplitude is 4.
It follows that |a| = 4.

The central horizontal axis is y = —5.

From this, we get that the vertical displacementis k = —5.

By using the x-coordinates of two consecutive maximum points, we
: 137 0w

determine that the period is —— — Z = 3w

It follows that |b]| 2m _ 2
ollows tha = _— = .
3m 3

We can plot key points on the graph: maximum points, minimum
points, and points on the central horizontal axis.

1

A sinusoidal function is shown on the following graph. Determine a possible equation for this graph.

Amplitude 4

Examples

Example 3

Solution

We can read the phase shift from the graph and select an appropriate
sinusoidal function.

2
. Foraphaseshifth:—;,azél,b:g,k:—a,and

2 T
= 4sin|— — — 5
Yy 'sm{3 (2:-1—2)]

s Foraphaseshith=—,a=4,b= — ,k= —5,and

el o]

I

5

1

A sinusoidal function is shown on the following graph. Determine a possible equation for this graph.

T

2
. Foraphaseshiﬁh:ﬂ,a=—4,b=g,k=—5,and
9 /i
y=—4cos{§ (:z:—ar]] — 5.
T 2 T
« For a phase shift h = Tﬂ ,a=—4,b:§ ,k=—5,andy:—4cos{— (a:— Iﬂ)] — 5
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Examples

Example 4

In the previous example, we developed several equations which could be used to model the given information.
Once we have an equation, we are generally interested in obtaining more information, either from the graph or from the

equation.
Using the graph, determine all possible values of & such that the value of the sinusoidal function is a maximum.
= 1 y
Solution i
From the graph, we can see that a maximum of —1 occurs "2'! % Lt dzw Bl Ono dr %
o R 2
whenz = —.
4
From our earlier work, we know that the period is 3.
Therefore, the maximum value —1 occurs when
T
= 1 +3mn,n €L
- 2 T
— 1 - . — R
y_431n[3 (K-i— 2)] 5
Examples
Example 5

2 iy
Using the equation y = 4 sin [g (a: + E)] — 5, determine all possible values of z such that the value of the
sinusoidal function is a maximum.
Solution

2 T
From the equation, we seethata = 4, b = 3 h=—— andk = —5.Usinga = 4 and k = —5, the maximum

2
. o 2w 2
value is —5 + 4 = —1, as we saw from the graph. The period is ﬂ =
3

2 ™
The angle 3 (2: + E) looks a bit complex so we can simplify if we let A =

= 3w

(Hg).

w| e

We know that for y = sin(4), a maximum occurs when A = —_

2 " ™ ™
Sz ) =2
3 2 2
T R o ) i 3
T+ 3 = vy multiplying both sides of the equation by 3
. I o
T4 2
> — m
4
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Examples
Example 5

2 'y
Using the equation y = 4 sin [g (a: + E)] — 5, determine all possible values of z such that the value of the
sinusoidal function is a maximum.

Solution

Since we know that the period is 37 radians, the maximum value —1 occurs when
™

& = — + 3mn,n € Z, as expected.

This same approach will also work to determine when the minimum values or middle values occur.
But what if we want other values? We can approximate from the graph or solve the sinusoidal equation for the required

values.

Examples

Example 6

2
Determine the values of 2,0 < = < 3w so thaty = 4sin[§ (:.!: + E)] — S equals —3.

)

Solution

| e

2 T
The angle § (2: + E) looks a bit complex so we can simplify if we let A =

We will solve an equation which is much more straightforward.

4sin(A) —5=-3

4sin(A) =2
1
sin(A) = =
(4) =5
. . . m
We know that the reference angle is n and sin(A) > 0in quadrants 1 and 2. It follows that A = 8 in quadrant 1 and
T 5
A=m— — = — inquadrant 2.
6 6
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Examples

Example 6
2
Determine the values of £,0 < & < 3w so thaty = 4sin[§ (z + g)] — S equals —3.
Solution
_ 2 g
Since A = = | # + — |, we know that
5 (+3)
2 my w 2 my 5w
3°72) 7% 3\*732)" %
£y ¥T_%.3 x 5m 3
26 2 Tt =% %3
m m
T+ === 17_5_77
2 4 E+2— 1
e=2_-2 br ow
4 2 == _ -
. )
r=—=
1 g
4
Examples
Example 6

2
Determine the values of £,0 < & < 3w so thaty = 4sin[§ (z + g)] — S equals —3.

Solution

2 ™
Wewant 0 < z < 3w and, from earlier work, we know that the period of y = 4sin [E (a: - E)] — bHis 3w

. . . . ) ™ 117
The solution z = — Z is not in the domain, but the coterminal angle x = — — 4+ 3m = — is.

4 4
. 3m . .
The other solution & = = is in the required domain.

Adding or subtracting 3 to either of these solutions takes us outside the domain.

_ 3 117
Therefore, the only solutions are £ = T andz = T
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Examples

Example 6
: .12 T
Determine the values of ,0 < & < 3w so thaty = 4sin 3 T+ 3 — S equals —3.
Solution
From the equation, we determined that there were two solutions: Ty
3w 1w T
T=gandE=—r o I BERERE R
Since we have a sketch, we will be able to verify the reliability of our foia ? 3 H 4
solutions.
The shaded section of the graph contains the part of the function
between 0 and 3 radians. y=-3 \
The two points of intersection of the sinusoidal curve withy = —3 -
are shown. 5
&
-8
s 2 T
— 1 - L — R
I y_4sm{3(x+2)]
Summary

In this module, we developed equations to model situations which were defined by information given about a function or
by a sketch of a function.

s{ Y T Y
_5 T
5 (2’)

]
=
1]
El
(2=
E]
(4]
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=

4

=15 o
EIER

T
A Mz
We used the graph of the function and the equation to obtain more information about the function.

We used the sketches to read information and we solved some trigopnometric equations.
In a future module, we will look at applications which can be modelled with sinusocidal functions.
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