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The Intersection Of Two Lines In R2 And R3

Intersection of Lines in R? and R®

2 Dimensions

There are three cases to consider with respect to the way two lines may intersect in R2.

1. Intersect in exactly one point 2. No intersection points - the lines 3. Infinite number of intersection
are parallel and distinct points - the lines are coincident
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Intersection of Lines in R? and R®

3 Dimensions

The three cases in which two lines may intersect in B2 also exist in B3, The two lines may

» intersect in exactly one point,
» be parallel and distinct and not intersect, or
+ be coincident and intersect in an infinite number of points.

However, there is one additional possibility in R? not found in R?: skew lines.

Two lines in B3 are said to be skew lines if they are not parallel and do not intersect. Equivalently, they are lines

that are not coplanar.
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Examples

Example 1

Find the points of intersection of the following lines.
a.nR% ;:22 — 3y +8=0
I:2r —3y—1=0

Solution

Method 1

Since the normal vectors for the two lines are equal (E: =(2,-3)= ?2) and the constant terms are not equal
(8 # —1), then I, and Iy are parallel and distinct.

Thus, the two lines, [; and I, do not intersect.

Method 2

Using elimination, we subtract the two equations to get 9 = 0.

This statement is clearly not true and is independent of the values of  and y.
Hence, the two lines share no common point and thus do not intersect.

Since these are lines in Rz, they must be parallel and distinct.

If a linear system of equations has no solutions, such as the system in part a, then the system is said to be
inconsistent.
If a linear system has at least 1 solution, then it is said to be consistent.

Examples

Example 1

Find the points of intersection of the following lines.

b.nR* li:z—5y+6=0
I:3z+10y—7=0

Solution

Recognizing that the normal vectors are not scalar multiples of one ancther (I and Iy are not parallel), we again
use the method of elimination.
Multiplying the first equation by 2 and adding the two equations, we get

2r — 10y + 12 = 0
+ 3z + Wy - T =
br + 5 =
sor=—1
Substituting * = —1 into the first equation, we solve togety = 1.

Hence, the two lines intersect at the point (—1,1).
This is an example of a linear system of equations that is consistent.
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Examples

Example 1

Find the points of intersection of the following lines.

c.InB¥ Iy: (z,1,2) = (9,3,4) +£(4,0,2), t e R
lyx=3qr—2, y=6—3r, z=7r—1, rc R

Solution

There are many different approaches for solving systems of this form.
Method 1
In this first method, we will solve by converting both lines into parametric equations and determining the values of

the parameters ¢t and 7.

Converting [; into parametric formgives z =9+ 4¢, y=3 and z=4+2¢
Equating the parametric equations for z, we get

O+4t=3r—2
S3r=4t411 (1)
Equating the parametric equations for y, we get
3=6-13r
Ir=3
sr=1

Substituting r = 1 into the equation for [z gives ¢ = 3(1) —2=1,y=6—-3(1) =3, andz2=1—-1=0.

Examples

Example 1

Find the points of intersection of the following lines.
c.InB¥ Iy: (z,1,2) = (9,3,4) +£(4,0,2), t e R
lyx=3qr—2, y=6—3r, z=7r—1, rc R

Solution

There are many different approaches for solving systems of this form.
We must verify that this point (1,3, 0) also lies on Iy
By substituting 7 = 1 into equation (1), we can find the value of the parameter ¢ for I

Gr—4t+11 (1)
3(1) = 4¢ + 11

4 = -8

t=-2

Substituting £ = —2 into the equation for I gives (z,y, 2) = (1,3,0).
Therefore, l; and [, intersect at the point (1, 3,0).

© CEMC and University of Waterloo Page 3 of 6



Examples

Example 1

Find the points of intersection of the following lines.
c.InB¥ Iy: (z,1,2) = (9,3,4) +£(4,0,2), t e R
lyx=3qr—2, y=6—3r, z=7r—1, rc R
Solution
Method 2
Another way to solve this system is to write the equation of Iy in symmetric form, and then substitute the parametric

equations of Iy into I;.
To this effect, the symmetric equations of [, are

I : =
! 4 2
Substituting Is (z = 3r — 2 and z = r — 1) into [; and solving for r, we get

(Br-=2)-9 (r—-1)—-4

4 2
3r—11 r—5
4 )
6r — 22 =4r — 20
2r=2
r=1

Examples

Example 1

Find the points of intersection of the following lines.
c.InB¥ Iy: (z,1,2) = (9,3,4) +£(4,0,2), t e R
lyx=3qr—2, y=6—3r, z=7r—1, rc R

Solution
Method 2
z—9 =z—-4
I : =, y=13
i 1 D) Y

When r = 1, the = and z coordinates of lbarez = 3(1) —2=1landz=1—-1=0.

-9 0-4
These (x = 1, z = 0) also satisfy the symmetric equations of I, since = 35

We must still verify that the y coordinate of Iy, y = 3, also satisfies I when r = 1.
Substituting, we gety =6 —3r =6 — 3(1) = 3.

Therefore, the point of intersection is (1,3,0).
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Examples

Example 1

Find the points of intersection of the following lines.
3 - r—7 y—12 2-17
dInRL:7=(3,1,-1)+¢(2,1,-3), tcRand I : - =1 — &

Solution

Method 1

The parametric equations forlyarex =3+ 2t, y=1+¢, z=—-1—-3t, t e R

To convert the symmetric equations for [s to parametric equations, equate each expression with 7 (since they are
equal to one another, they are equal to some parameter r € i) and solve each for the appropriate coordinate; that

is
T=z—7 T=y—12 =z—17
2 —4 5
r=2r+7 y=—4r+12 z="5r+1T
Equating the corresponding parametric equations for I; and Is, we get
342t =2r+7 1+t=—4r+12 —1—-3t=5r+1T7
t—r =2 (1) t+4r=11 (2) 3t+5r=—18 (3)

We have a system of three linear equations in two unknowns, £ and 7.
We may, again, use the method of elimination to solve for tand r.

Subtracting equations (1) and (2), we get —5r = —Oandsor = 2.
Substituting r = % into (1) gives t =2+ % = %

Examples

Example 1

Find the points of intersection of the following lines.
3 - r—7 y—12 2-17
dInRL:7=(3,1,-1)+¢(2,1,-3), tcRand I : 3 =——1 — &

Solution

Method 1
3t+5r=-18  (3)
1

. . . 9 ] . .
For the system of equations to be consistent (have a solution), r = ¢ and £ = & must also satisfy equation (3).

3H5r=3(1_9)+5(g)= 57+ 45 =%%_18

Substituting, we get

5 5 5

Therefore, this system of equations has no solution and hence these two lines do not intersect.

By inspecting the parametric equations of both lines, we see that the direction vectors of the two lines are not
scalar multiples of each other, so the lines are not parallel.

These lines are in B3, are not parallel, and do not intersect, and so I, and Iy are skew lines.
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Examples

Example 1

Find the points of intersection of the following lines.

Solution

Method 2

symmetric equation for Is and verify consistency.
Substituting the parametric equations = = 3 + 2t and
y = 1 + ¢ of I into the symmetric equations of I,

~7 y-12 217

d.InR% 1 :7=(3,1,-1)+¢(21,-3), tcRandlp: = - —

2 4 " 5

As before, an alternative solution is to derive the parametric equations for Iy, and then substitute them into the

Repeating the process by using the parametric
equations y =1+t and z = —1 — 3¢, we get

Solution

Thus, there is no point on Iy that also satisfies Ia.

z—7 y—12 y—12 217
2 = 4 -4 5
(3+2t) -7 (1+¢)—12 (1+¢)—-12 (-1-3t)-17
2 a —4 —4 o 5
2t—4  t—11 t—11 —3t—18
2 4 —4 5
—4(t—2)=t—11 5t — 556 = 12t + 72
_5¢t — —10 Tt = —127
19 127 19
=5 t=-7 7%
Examples
Example 1
Find the points of intersection of the following lines.
_ —192 _
dInRS 17 = (3,1,-1) +(2,1,-3), t € Rand lp: T_ "’”_4 _z 517

There is no solution to this system of equations, so the lines do not intersect.
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